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A newly developed relativistic quantum molecular dynamics approach with scalar and vector interactions
based on the relativistic mean-field theory (RQMD.RMF) is employed to study the sensitivities of the equation
of state (EoS) on the beam energy dependence of the directed and elliptic flow. The RQMD.RMF approach is
implemented into the microscopic transport model JAM which includes hadron resonances and string degrees
of freedom. We analyze the mid-central Au + Au collisions at the beam energy range of 2.5 <
√
sNN < 20
GeV with this approach. Matter behaves like normal monotonous EoS up to
√
sNN = 7.7 GeV, which can be
described by our approach. But then it suddenly changes its behaviour which may point directly to a first-order
phase transition at around 10 GeV, where baryon density reaches about five to eight times the normal nuclear
density at mid-central Au + Au collisions.
PACS numbers: 25.75.-q, 25.75.Ld, 25.75.Nq, 21.65.+f
Collective flows generated in high energy heavy-ion colli-
sions contain important information about the bulk properties
of strongly interacting nuclear matter. Especially, anisotropic
flows such as directed flow v1 = 〈cosφ〉 and elliptic flow
v2 = 〈cos 2φ〉 (where φ is the azimuthal angle with respect to
the reaction plane) are generated by the participant pressure
during the early stages of the collisions, therefore, is consid-
ered a sensitive messenger of the equation of state (EoS) [1–
8]. A large elliptic flow has been observed in RHIC and LHC
experiments, and is in good agreement with hydrodynamical
simulations [9–15].
To investigate the phase structure of QCD, different regions
of T −µB phase diagram [16] can be accessed by varying the
beam energy and system size as well as centrality. In partic-
ular, the search for a first-order phase transition and the crit-
ical end point at high baryon density is a challenging goal of
high energy heavy ion collisions [17]. Beam energy scan pro-
gram (BES) [18, 19] at the BNL-RHIC and the NA61/SHINE
experiment [20] at the CERN-SPS seeks to find the onset
of deconfinement and the critical point. Future experiments
such as RHIC-BESII [21], FAIR [22, 23] NICA [24], and J-
PARC-HI [25], will offer the best opportunities to explore the
compressed baryonic matter, and reveal the phase structure of
QCD. A significant progress has been made in the theoretical
modeling of heavy-ion collisions at high baryon density. Re-
cently, new dynamical models based on hydrodynamics have
been developed to simulate heavy-ion collisions [26–30].
A negative v1 slope for protons in Pb + Pb collisions at√
sNN = 8.8 and 17.3 GeV has been observed by the NA49
experiment [31]. Recently, the beam energy dependence of
the directed flow at
√
sNN = 7.7 − 200 GeV has been
measured by the STAR experiments and discovered a nega-
tive slope for the proton directed flow at mid-rapidity above√
sNN = 11.5 GeV [32, 33]. Negative proton v1 at high
energy
√
sNN > 30 GeV where the secondary interactions
start after the two nuclei pass through each other, can be un-
derstood by the geometrical effects [34]. However, standard
microscopic transport models fail to reproduce the negative
proton v1 slope at around
√
sNN = 8.8− 19.6 GeV [35, 36].
In hydrodynamics, the effects of the first-order phase transi-
tion is to generate negative v1 at softest point which is around√
sNN = 3 − 5 GeV, and it is contradicted to the positive
v1 at the AGS data [37, 38]. The three-fluid model (3FD)
simulation of Ref. [39] predicts the minimum in the exci-
tation function for v1 slope at
√
sNN ≈ 6 GeV. Hadronic
transport model with strong attractive mean-fields to simulate
effects of a first-order phase transition shows the antiflow at
AGS energies [40]. Microscopic transport model which takes
into account the effects of the softening by the modified col-
lision term also predicts the negative flow at
√
sNN = 3 − 5
GeV [41, 42]. On the other hand, hybrid model such as hy-
dro + UrQMD [43] shows no sensitivities of the EoS on the
directed flow which indicates that dynamics in the initial com-
pression stages of the collision have important contributions to
the directed flow.
Microscopic transport models such as Boltzmann-Uehling-
Uhlenbeck (BUU) [44] and quantum molecular dynamics
(QMD) models [45] have been widely used to simulate the
space-time dynamics of nuclear collisions. These approaches
often use non-relativistic Skyrme type force in which single-
particle potential is given by the baryon density ρB dependent
attractive and repulsive terms and momentum dependent term:
Vsk = αρB + βρ
γ
B + C
∫
d3p′
f(x, p′)
1 + (p− p′)2/Λ2 (1)
However, this type of non-relativistic approach does not re-
produce the beam energy dependence of the directed and el-
liptic flows with a single parameter set [7, 46–50]; it seems
that hard EoS is required at lower beam energies
√
sNN < 3
GeV, and soft EoS is favoured at higher beam energies sug-
gesting the softening of the EoS, and often argued the onset of
the transition.
The different approach based on the relativistic mean-field
theory has been developed which is called RBUU [51, 52],
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2RVUU [53] or RLV [54]. In this fully covariant approach,
mean-fields are implemented based on the scalar and vector
meson couplings. This approach is thus very different from
the non-relativistic potential approaches. It is shown that the
beam energy dependence of both the sideward 〈px〉 and el-
liptic flows up to the top AGS energies
√
sNN < 5 GeV are
explained within the RBUU model with the scalar and vec-
tor form factors at the vertices which cut off the interaction at
high momenta [55]. The relativistic mean-field approach was
also implemented into the framework of the relativistic quan-
tum molecular dynamics (RQMD) approach in Ref. [56] for
the heavy-ion collisions up to Elab = 2A GeV, and the effects
of the density dependence of the mean-fields on the transverse
flow were studied.
In this paper, we examine the beam energy dependence of
the directed and elliptic flow at the beam energy range of√
sNN = 2.5 − 20 GeV within the RQMD approach with
the scalar and vector interactions, which is implemented in
the microscopic transport model JAM [57]. In JAM, parti-
cle production is modeled by the excitations of hadronic reso-
nances and strings, and their decays in a similar way as in the
RQMD 1 and UrQMD models [58–60]. Secondary products
are allowed to scatter again, which generates collective effects
within our approach.
We employ the relativistic mean-field theory to construct
the EoS as used in the RBUU models, in which the energy
density for the nuclear matter is given by
e =
∫
d3pE∗f(p) +
1
2
g2v
m2ω
ρ2B + U(σ) (2)
where f(p) is the Fermi-Dirac distribution for nucleon. The
second term contains the ω contribution: ρB is a baryon den-
sity, and gv and mω are the coupling of the nucleon to ω me-
son and its mass, respectively. The energy E∗ =
√
m∗2 + p2
contains the single-particle scalar potential S:
m∗ = m− S = m− gsσ (3)
through the coupling of σ meson which modifies the nucleon
mass m = 938 MeV in the medium. We consider the non-
linear self-interactions of the scalar field [61]
U(σ) =
m2σ
2
σ2 +
g2
3
σ3 +
g3
4
σ4 . (4)
The σ field is obtained by solving the self-consistent equation
m2σσ + g2σ
2 + g3σ
3 = gsρs (5)
with ρs =
∫
d3pm
∗
E∗ f(p) being the scalar density. We fix the
parameters of the models to reproduce the nuclear saturation
1 Here the term ’RQMD’ is used as a name of the code developed by
Sorge [58]. However, ’RQMD’ is also used to specify the model which
is a relativistic extension of the QMD model, and there are many works
which use the RQMD formalism by other groups. We use ’RQMD’ as a
theoretical approach throughout this paper except this part.
TABLE I. Parameter set for the relativistic mean-field theory with
non-linear scalar interaction for the binding energy of B = −16
MeV and the normal nuclear matter density of ρ0 = 0.168 1/fm3. σ
mass of mσ = 2.79 1/fm and the ω mass mω = 3.97 1/fm are used.
type K m∗/m gs gv g2 g3
(MeV) (1/fm)
NS1 230 0.800 8.182 7.721 31.623 −3.7977
NS2 380 0.800 7.211 7.721 −17.889 197.64
NS3 380 0.722 8.562 9.601 0.4429 44.704
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FIG. 1. Total energy per nucleon as a function of the normalized
baryon density at zero temperature.
properties for a given compressibility K and the nucleon ef-
fective mass m∗ at the normal nuclear density as summarized
in table I.
In Fig. 1, we compare the energy per nucleon at zero tem-
perature as a function of the baryon density for different pa-
rameter sets. We see that parameter with the same effective
mass yield the similar EoS (e.g. NS1 and NS2). On the other
hand, smaller effective mass predicts harder EoS even if com-
pressibility is not large. For instance, NS2 (m∗/m = 0.8)
and NS3 (m∗/m = 0.722) has the same K = 380 MeV, but
NS2 is softer than NS3. This behaviour can be understood by
noting the fact that the effective mass at the saturation density
determines the strength of the vector interaction Cv = gv/mω
independent of the scalar interaction due to the Weisskopf re-
lation: √
m∗2 + p2F (ρ0) + Cvρ0 = m+B, (6)
where pF = (3/2pi2ρ0)2/3 is the Fermi momentum at the sat-
uration density, and B = −16 MeV is the binding energy per
particle of infinite nuclear matter. Thus, the hardness of the
EoS is strongly sensitive to the effective mass at high baryon
densities, not to the compressibility as pointed out in Refs.
[63, 64]. As a comparison, we also plot the EoS for the non-
relativistic Skyrme potential Eq.(1) for hard K = 380 (cir-
cles) and soft 215 MeV (squares) [52]. The soft EoS for the
Skyrme potential yields the similar EoS as the parameter set
with m∗/m = 0.8 (NS1 and NS2).
3We implement the above EoS within the framework of the
RQMD approach [65] which was formulated based on the
constraint Hamiltonian dynamics [66] to simulate N -body
non-equilibrium dynamics. One needs to use 8N four-vectors
qµi and p
µ
i (i = 1, · · · , N) for the description of the N -body
dynamics in the manifestly covariant formalism. In order to
reduce the dimension from 8N to the physical 6N , we need
2N constraints. In our approach, we impose N on-mass shell
condition:
p∗2i −m∗2i = (pi − Vi)2 − (mi − Si)2 = 0 (7)
for ith particle, where V µi and Si are the single-particle vector
and scalar potentials, which are functions of the baryon cur-
rent Jµi and scalar density ρsi. Within the RQMD approach,
these densities for the ith particle are influenced by all the
other particles
ρs,i =
∑
j 6=i
m∗j
p∗0j
ρij , J
µ
i =
∑
j 6=i
Bjv
∗µ
j ρij (8)
where v∗µj = p
∗µ
j /p
∗0
j and Bj are the velocity and the baryon
number of the jth particle, and ρij is the so-called interaction
density (overlap of density with other hadron wave-packet)
which is given by the Gaussian in RQMD:
ρij =
γij
(4piL)3/2
exp(q2Tij/4L) (9)
with qTij being the distance in the center-of-mass frame of the
particle i and j, and γij is the Lorentz γ-factor to ensure the
correct normalization of the Gaussian [67]. Throughout this
work, we fix the Guassian width as L = 1.0 fm2.
Besides the N on-mass shell constraints of Eq.(7), the time
fixation constraints which equate the all time coordinate of
particles in the computational frame are assumed as first pro-
posed by the Maruyama model [69] and Ref. [68] for the rest
of N constraints. Within those 2N constraints together with
the assumption that the arguments of the potentials are re-
placed by the free one, one obtains the equations of motion
for ith particle
x˙i =
p∗i
p∗0i
+
N∑
j
(
m∗j
p∗0j
∂m∗j
∂pi
+ v∗µj
∂Vjµ
∂pi
)
,
p˙i = −
N∑
j
(
m∗j
p∗0j
∂m∗j
∂ri
+ v∗µj
∂Vjµ
∂ri
)
. (10)
In actual simulations, the non-linear σ-field as well as ω-field
at each space-time point are evaluated within a local density
approximation [51–53], which neglects the derivatives of the
meson fields as in Eq.(5) for the σ-field and the vector poten-
tial is simply proportional to the baryon current. This approx-
imation was widely applied in high energy nuclear collisions
[70–72]. In the future, it would be interesting to study the me-
son field radiation and retardation effects [73]. In the present
study, we assume, for simplicity, the same coupling constants
for all baryons as those for the nucleons.
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FIG. 2. Beam energy dependence of proton v1 slope and v2 (|y| <
0.2) at mid-rapidity in mid-central Au+Au collisions (4.6 ≤ b ≤
9.4 fm) from the JAM cascade (squares), RQMD/NS1 (squares), and
RQMD/NS3 (circles). v1 slope of protons are obtained by fitting the
rapidity dependence of v1 to a cubic equation at |y| < 0.8. Data for
v1 are from the E895 [74], NA49 [31, 75], and STAR [32, 33, 76]
collaborations. STAR data [77] for v2 are for charged hadrons, while
E895/E877 [46] is for protons. JAM results of v2 for
√
sNN < 5
GeV are for protons and others are for charged particles.
In the upper panel of Fig.2, the beam energy dependence of
the proton directed flow slope at mid-rapidity (|y| < 0.8) by
the JAM/RQMD calculations is compared with the E895 [74],
NA49 [31, 75], and STAR [32, 33, 76] experiments. Pa-
rameter set NS1 show good agreement with the data up to√
sNN = 7.7 GeV, while NS3 significanlty overestimate the
v1 data, which demonstrates the strong dependence of the ef-
fective mass parameter on the directed flow. At beam energies√
sNN > 8 GeV, the model still predicts positive v1 slope
contrary to the negative v1 slope in the data which indicates
the softening of the EoS. We note that as mentioned above,
several theoretical calculations with a first-order phase transi-
tion predict negative v1 slope of protons at around AGS ener-
gies, not the SPS energies [37, 38, 40–42]. Thus, the negative
v1 at
√
sNN ≈ 8 − 20 GeV remains the open question, and
we need more refined theoretical calculations to understand
the beam energy dependence of the v1.
In the lower panel of Fig. 2, the beam energy dependence
of the elliptic flow v2 from our model is compared with the
experimental data from E897/E877 [46] and STAR [77]. At
lower beam energies (
√
sNN < 10 GeV), the strength of
the elliptic flow is the result of the interplay between out-of-
plane (squeeze-out) and in-plane emission [4, 78]. As is well
known, cascade model lacks the pressure to generate large
out-of-plane emission at low beam energies resulting in the
4larger elliptic flow at
√
sNN < 5 GeV. In a previous work we
predicted an enhancement of v2 [79, 80] as well as v4 [81] in a
first-order phase transition by the suppression of the squeeze-
out due to the softening of EoS [82]. On the contrary, the
mean-field suppress v2 due to strong repulsive interaction. It
is also seen that the calculations with the relativistic mean-
field predict larger v2 than the cascade calculations at SPS
energies. This agreement of the v2 at SPS region is remark-
able, since the elliptic flow from the Skyrme type force does
not show enhancement of v2 and yields the same values as
the cascade calculations at the beam energies
√
sNN > 6
GeV [80, 83].
0.08
0.04
0.00
0.04
0.08
19.6 GeV
protons
STAR
pi +
cascade
RQMD/NS1
Λ anti-p
0.08
0.04
0.00
0.04 11.5 GeV
2 1 0 1
y
0.08
0.04
0.00
0.04 7.7 GeV
2 1 0 1
y
2 1 0 1
y
2 1 0 1 2
y
v 1
FIG. 3. Rapidity dependence of v1 in mid-central Au + Au collision
at
√
sNN = 7.7, 11.5 and 19.6 GeV from JAM/cascade mode (dot-
ted line) and JAM/RQMD/NS1 (soild line) are compared with the
STAR experimental data [33]
Let us now look at the rapidity dependence of directed flow.
Figure 3 shows the results of the rapidity dependence of v1
for protons, positive pions, Λ, and anti-protons in mid-central
Au + Au collisions at
√
sNN = 7.7, 11.5, and 19.6 GeV to-
gether with the STAR data [33]. Baryon mean-fields change
the shapes of v1 for all energies and all particles, but it is not
an improvement of the description of the data at these beam
energies. It is interesting to see that the data shows almost
the same v1 between protons and Λs, while our model shows
opposite behaviour between them. In the present calculations,
we assume that Λ potential is the same as the protons, but the
cross section is very different. Especially, pion-Λ cross sec-
tion is very small compared to the pion-nucleon cross section.
This is the reason of the large difference of the v1 between
protons and Λ in our hadronic approach. Thus, to explain the
similarity of the Λ directed flow to the proton directed flow,
parton degree of freedom might be needed for the generation
of the same directed flow.
Fig. 4 shows the rapidity dependence of v1 of protons (up-
per panel) and pions (lower panel) from JAM/cascade, JAM
RQMD/NS1, and JAM attractive orbit mode in mid-central
Pb + Pb collisions at 8.87 GeV together with the NA49 and
STAR data [31, 33]. Both NA49 and STAR have observed the
collapse of flow at 10 <
√
sNN < 20 GeV, that is in good
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FIG. 4. Rapidity dependence of proton and pion v1 in mid-central
Pb+Pb collision at
√
sNN = 8.87 GeV from the JAM cascade
(dashed line), RQMD/NS1 (dotted-dashed line), and JAM attractive
orbit mode (dotted line) are compared with the NA49 experimental
data [31]. STAR data at 11.5 [33] and NA49 at 17.3 GeV are also
plotted.
agreement with the JAM attractive orbit mode [41] at mid-
rapidity. In the JAM attractive orbit mode, attractive orbit for
all binary scatterings is selected to mimic the softening of the
EoS. On the other hand, it is seen that the calculations with-
out softening such as JAM/cascade and RQMD/NS1 show no
collapse of the directed flow. It is also seen that RQMD/NS1
calculation shows the same slope as the cascade results at mid-
rapidity (|y| < 0.5). This may be because baryons are not
fully stopped at this energy, and the baryon density at mid-
rapidity is small leading to the weaker strength of the baryon
potential.
In Fig.5, the rapidity dependence of v1 for protons and pi-
ons are compared with the NA49 data [31] for wider rapidity
region. It is seen that v1 at forward-rapidity where baryon
density is large is strongly dependent on the EoS; it is very
sensitive to the effective mass parameter, but insensitive to the
compressibility. We should mention that at even higher beam
energies, v1 at forward-rapidity regions is still sensitive to the
mean-field. Thus v1 at forward-rapidity contains valuable in-
formation about the EoS at high baryon density at high energy
heavy-ion collisions.
In summary, we have developed a new relativistic trans-
port model based on the framework of the relativistic quan-
tum molecular dynamics in which scalar-vector interactions
are implemented within the relativistic mean-field theory. We
have studied the influence of EoS on the beam dependence of
anisotropic flows by implementing this approach into JAM.
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FIG. 5. Rapidity dependence of proton and pion v1 in mid-central
Pb+Pb collision at
√
sNN = 8.87 GeV from the JAM cascade
(dashed line), RQMD/NS1 (dotted-dashed line), and RQMD/NS3
(dotted line) are compared with the NA49 experimental data [31].
The negative directed flow at 8 <
√
sNN < 20 GeV is not
explained by the relativistic mean-field, whereas the elliptic
flow is in good agreement with the data for all energy region
2.5 <
√
sMN < 20 GeV. Thus, the beam energy depen-
dence of the directed flow cannot be reproduced by the normal
hadronic EoS.
In Ref. [85–87], the influence of the mean-field potentials
on the cumulant ratios of protons has been studied within
QMD models with the Skyrme force. It was discussed that
the ω-field suppresses the kurtosis of the baryon number dis-
tribution at high baryon densities within mean-field nuclear
matter calculations [88]. It would be interesting to investigate
such suppressions with our dynamical approach.
Delta isomer meta state was predicted in the relativistic
mean-field theory long time ago [89] and many works have
been published since then [90–93]. Particular choice of the
coupling constant for ∆ baryon leads to the strong first-order
phase transition from a normal nuclear matter to delta matter.
It is very interesting to explore the effect of strong softening
due to delta isomer state on the flows in heavy-ion collisions.
Late hadronic gas stage of the collisions at RHIC/LHC en-
ergies is usually described by the hadronic cascade model.
The mean-field effects on the late evolution of such hadronic
gas stage at RHIC/LHC energies may be important for some
observables such as baryon spectra at forward rapidity. Our
approach can provide a promising framework to study the
mean-field effects on the final hadronic gas stage in a event-
by-event basis.
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